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DETERMINATION OF TRANSFORMER REGULATION
UNDER LOAD CONDITIONS AND SOME

RESULTING INVESTIGATIONS

BY ADOLPH SHANE

INTRODUCTORY

For some time past the writer has been suspicious of the
accuracy of the results obtained in calculating transformer regu-
lation by the now popular method of adding the impedance volts
vectorially to the pressure impressed on the load, the data for
the impedance triangle being obtained by the common short-
circuited secondary method and by the measurement of the
resistance of the transformer winding. Indeed, the only check
on this method heretofore has been the comparison with the
direct method of reading the primary and secondary pressures,
reduced to like terms, and ascertaining the difference, or, what
amounts to the same thing, reading the secondary pressure under
full (current) load and under no load, keeping the primary pres-
sure constant the while. These direct methods are inexact
unless great precautions are taken due to the impracticability
of reading normal pressures with sufficient degree of accuracy for
this purpose.
For example: Suppose the normal e.m.f.s of a transformer

can be read to an accuracy of 0.25 per cent and the regulation is
actually 2.5 per cent. The value of regulation may be found to
be anywhere between 2.25 per cent and 2.75 per cent, causing a
possible maximum error of 0.5 per cent in 2.5 or 20 per cent in
the value of the regulation.

If some means could be devised whereby the regulation volts
might be read off directly by a low-reading voltmeter, results of
the same order of accuracy as the reading of normal pressures
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could be obtained. It is the purpose of this paper to point out
such a direct method, as well as an accurate calculated method,
to check the results obtained with particular transformers, to
point out errors existing in the ordinary calculated method re-
ferred to above, and, as far as possible, to give the causes for
such errors.

TRANSFORMER REGULATION
1. The Direct Method. If two transformers, A and B (Fig. 1)

exactly alike, be connected to the same source of power their
secondaries connected in opposition series, the e.m.f. between
the open ends a b will be zero until load is applied to one (A)
of the secondaries, when this e.m.f. is equal to the true impedance
pressure of the loaded transformer.

If now a third transformer C is connected to the line and its

SOURCE OF POWER
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FIG. 1

secondary connected in series with the other secondaries, but
in opposition to B, and a galvanometer G connected to the free
terminals of this secondary series system we have the electrical
connections necessary for the proper performance of the test.
Normal load is applied to transformer A. The secondary

winding of C is gradually cut out of the circuit, turn by turn,
by shifting the contact point P along the winding, until the
galvanometer G reads a minimum. The e.m.f. of the secondary
C between the points f, g is the regulation volts required for
transformer A and may be read off directly by a low-reading
voltmeter V.

Theory. Fig. 2 represents the common transformer vector
diagram using 1 to 1 ratio of transformation for simplicity, with
the secondary current I" lagging 0 deg. behind the secondary
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terminal pressure e". If to this pressure is added vectorially the
secondary resistance and reactance drops (R" I" and X" I" respec-
tively, Fig. 2) the secondary induced e.m.f. E" is the result. This
is also the e.m.f. of self-induction of the primary. That part of
the impressed e.m.f. which overcomes this latter is designated
in the figure by e', equal and opposite in vector position to E".
To this is added vectorially the primary resistance and reactance
drops, producing finally the impressed e.m.f., E'.
The foregoing represents the load conditions of transformer

Et A in Fig. 1. Transformer
B being unloaded has a

A,R'I' secondary e.m.f. equal and
opposite to the primary.
Thus in Fig. 2, E' also

0a represents the primary
e.m.f. of B. Equal and
opposite to this is the
secondary e.m.f., E, which
leads the terminal pressure
e" of transformer A by a
small angle a. The vector
difference c a of these two
e.m.fs. (e" and E), which

eW I are respectively the second-
El E ary pressures under load

l e' and no load, represents the

RlARlIE R
de

MIN. total impedance drop Z i

b/6L"~zI~ 6? \ ZI OR eIMp or eimp of the transformerbI _etmp (A) under load. The vec-
xi < otors a b and b c are respec-

FIG. 2 FIG. 3 tively the resistance and
reactance drops R I and

X I of the transformer, each being made up as follows:

RI =R' P'±R"1"

XI =XI I'+X" I"

The working transformer diagram is represented by the two
vectors e" and E, capped by the impedance triangle a b c.
This is shown separately in Fig. 3 for clearness. The lengths
of the vectors e" and E are, however, made longer, without any
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corresponding increase of the impedance triangle, in order to
more nearly represent actual relative conditions.

Consider now the third transformer C. Since it is unloaded
and since its secondary is connected in opposing series with B
the secondary pressure is exactly 180 deg. opposite to E, the
terminal pressure of B, but variable in value, depending on how
many secondary turns are in the circuit.

This is shown in Fig. 3, c g, cf, or c d representing the variable
secondary pressure of transformer C, opposing 0 C or E. The
only e.m.f. active between the secondary terminals of A and B
is the impedance pressure eimp, since these two secondaries are
in opposing series. The points a b between which this pressure
exists is indicated in Fig. 1, and the vector position is a c in
Fig. 3. The pressure at the terminals of the entire secondary
system is a g, a f, or a d, since the e.m.f. of C partially opposes
eimp. The instrument G of Fig. 1 indicates the value of this final
resultant pressure, which may be any value depending on the
number of active turns in the secondary of C. But there is a
definite minimum value caused by the correct number of active
turns in C. Any increase or decrease of this particular number
will always cause an increased reading of G. This is clearly
shown in Fig. 3. With c d as the pressure of C, there is a cor-
responding value a d for the secondary pressure of the entire
system. Similarly for c g there is a corresponding pressure
a g and for c f there is a f. Manifestly c f is the particular pres-
sure of C which causes a f (= emin,) to be the minimum, a d
and a g being each greater in value. From the geometry of the
figure emin must be perpendicular to E for this condition. Since
in any modern constant pressure transformer the angle a is very
small, Of differs from O a or E" in but a very minute degree.
Hence the difference between E and e" is very closely cf. But
this difference is the regulation volts sought after. Therefore the
regulation volts ereg may be read off directly by a low-reading
voltmeter of suitable scale connected to the active secondary
terminals of C, after the adjustment for eminhas been made.

II. The Calculated Method. If the common short-circuited
test should give data for the correct impedance triangle, the value
of regulation obtained by this means would be above criticism.
But such is not the case as will be shown later. The true trans-
former impedance volts can be found only under actual load
conditions. This is eim p referred to above. Hence to find
the true impedance triangle the transformer C is dispensed with,
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the connections of A and B remaining precisely the same. A
wattmeter suitable for the full-load current of transformer A
and for low voltage, is inserted into the load circuit (W2 in Fig. 4)
the pressure terminals being connected to the free secondary
ends a b, precisely where the low-reading voltmeter V2 is con-
nected to indicate eimp. The reading of this wattmeter is the
true R I2 loss of A under load conditions. With the above two
readings and the load current the correct impedance triangle
may be found. That is, dividing the value of the wattmeter
reading by the value of the load current gives the R I drop,
which together with the impedance drop solves the triangle.
From thence on the calculations are as usual in such cases.

A B C

a, b

W V

LOAD

FIG. 4

It may be argued that it might not always prove easy to
procure two absolutely identical transformers for the above
methods, that the voltage ratios might be just sufficiently dif-
ferent to spoil the test. In answer to this it might be said
that the writer had at his disposal three pairs of transformers,
each pair of different manufacture, and these checked out very
well. The check was made by connecting a delicate alternating
current galvanometer to the free ends of the secondaries of each
pair connected in opposed series. Scarcely a deflection in any
case was observed, though the trifling load of a wattmeter pres-
sure coil connected to the secondaries of one transformer caused
sufficient unbalancing to give a decided deflection. This would
indicate that absolute voltage equality should be the rule rather
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than the exception with similar transformers from the same
manufacturer. A fairly elaborate test was made to substantiate
the above theory, the results of which are incorporated in curves
of Figs. 5 and 6. These curves all refer to the regulation volts
with respect to power factor, of a particular pair of transformers
with noticeably small leakage. Fig. 5 is the curve obtained by
the direct method (I) using three transformers. Attention is
called to the generous scale of volts in spite of which the observed
points appear very consistently on the curve. Curve A, Fig. 6,
is a duplicate of Fig. 5, without any points being present belong-
ing to this particular curve. The points (.) so near this curve
as to seem to form part of it were really obtained by calculation,
using method II of this paper. One checks the other. The
points (x) represent the values obtained by carefully taking the
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difference between the no-load and load values of e.m.f. (E-e)
Of course the inherent inaccuracy of this method is evident by
the staggered position of the points, but they agree closely
enough with curve A to confirm the above methods. Curve B
is the regulation curve obtained by the usual short-circuit
test and resistance measurement, and the departure from the
three lower sets of results is marked. So decided is the dis-
crepancy that the writer believes, by the use of an ordinary
voltmeter, taking full load and no-load readings, the truth is
more nearly told. True, the regulation curve is not relatively
so consistent and smooth in this latter case, but any point by
reasonable care may represent less percentage error than a
corresponding point on the calculated curve by the short-circuit
test.
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The Test. More than one set of transformers were tested for
regulation, but only a sample of one set of readings are here
given. The data for both methods were taken at the same
time, the connections for the test being as indicated in Fig. 4.
Transformers A and B were exactly alike, rated at 2 kw. each,
with 220 volts secondary. It was found that with 12.5 amperes
load (12.56 corrected) no excessive heating ensued, so the current
was maintanied at this value. Transformer C also happened to
be rated at 2 kw. though the value of capacity here is immaterial.
The regular secondary winding was not used. Instead, a few
turns of wire were wrapped over the fixed windings, care being
taken to have a somewhat greater total e.m.f. here than the im-
pedance of transformer A, since at one point of the regulation
curve, the impedance pressure equals the regulation.
Each turn was brought out to a switching arrangement

whereby it could be instantly cut in or out of circuit, excepting
the last turn, the terminals of which were connected to a slide-
wire resistance allowing perhaps one ampere to flow. The pur-
pose of this latter arrangement was to permit of exact adjust-
ment for emin. The procedure followed was to start with the
full number of turns active, gradually cutting them out one by
one until the galvanometer G indicated as near a minimum value
as possible, the final adjustment being made by moving the point
P' along the slide-wire S.
The accuracy of the method depends on C not being per-

ceptibly loaded, and it might be supposed that the current through
the slide-wire S does load the transformer to some extent.
That the amount is imperceptible may be shown by a numerical
example which closely fits this case. Assuming one volt per
turn, 220 volts normal e.m.f., and 10 amperes normal load, we
find that this load represents 2200 ampere-turns. The one
ampere flowing through the slide-wire connected to the terminals
of one turn represents but one ampere-turn. The transformer
is thus loaded to less than 0.05 of one per cent, an entirely negligi-
ble value.

Voltmeter V1 was so connected that by means of a switch it
could quickly indicate the load and no-load pressures across the
terminals of A and B respectively. V2 indicated the impedance
drop under load conditions, V3 the minimum volts after adjust-
ment had been made by the use of G and V4 the regulation volts.
Actually V7, V3, and V4 were represented by one instrument,
a low reading voltmeter, which by suitable switches could be
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readily thrown to the several points. But one instrument was
used to insure correct relative readings for purposes of accurate
checks. Wattmeter W, was connected to read the load. W,
having its pressure coil connected to the impedance voltage
terminals (a b in Fig. 4) indicated the copper I2 R under load
conditions. It had ample current capacity and the pressure
coil was adjusted for low voltage. The instrument was found
to be accurate for low power-factors. The ammeter A indicated
the current load which was maintained at 12.56 amperes. The
galvanometer G was merely a piece of annealed iron suspended
in a coil and damped with oil. This proved amply sensitive
All the instruments were thoroughly dead beat which vastly
facilitated the taking of readings and thus guarded against a
change of conditions during the taking of a set of observations.
The load consisted of a lamp bank in parallel with a variable

ironless inductance. By this means a power-factor as low as
25 per cent was obtained. Constant temperature conditions
were reached before any readings were taken.

TABLE I.

a b c d e f g h i i k m n o

Z <;e 3d 0 -'i
0~ i0

1 12.56 89.5 265 27.7214.74.27 8.29 7.1124.4 0.2520.2781.00 7.07.1248.29
2 . ..2310 204.0 212.440.9 8.24 8.2 24.0 O.901i8.4S8 26 18 25
3 2240204.7213.40.8 8.23 8.23 0.220.278 0.87 8.7 8.293 8.23
4 .. ,.2146 200.02Q8.600.8 8.30 8.25 24.0 0.85 8.68.2958.29
5 209523.4211.611.2 8.31 8.3 0.82 8.2 8.2758.36
6 . ..2023 202.2 21O.4!1.34 8.30 8.2 0.251 0.279 0.796 8.2 8.245 8.3
7 . ..1864200.8 209.0 1.85 8.33 8.13 25.0 0.738 8.218.117 8.33
8 , 1728201.31209.42.45 8.30 7.951 0.6848.1 7.97 8.32
9 . ..1618 199.6 207.1'2.8 8.30 7.87124.0l0.2520O.278 0.645 7.5 7.85 8.35

10 . ..1497 198.6 206.4 3.21 8.30 7.8 0.60 7.8 7.68 8.45
11 .. .5 1168198 0 205.7 4.232 8.28 7.14124.0. 0. 47 7.6 7.14 8.23
12 925020.02414.97.2429 6.65 0.366 6.4 6.63 8.23
13 637 202.0 208.245.56 8.26 6.0124.0 0.252 0.277 0.25176.25.97 8.2

The original data are given in Table 1. The sets of readings
from 1 to 13 inclusive were taken at nearly normal impressed
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voltage with power-factors ranging from unity to 25 per cent.
This table furnished the data for the curves of Figs. 5 and 6.
In Table II the load power-factor was maintained unity, but the
e.m.f. was varied from normal to practically zero value. Care
was taken to keep the current exactly constant throughout the
test.

Inspecting Table I down through the thirteen sets of readings
it is seen that with a steady current and voltage about normal
(columns a and d), the copper loss (column b), read by W2 re-
mained constant, though the power factor (column 1) varied
from unity to 25 per cent, that is, the real power dropped from
2,650 watts to 637 watts (column C). It is also seen that the
impedance volts (column g) remained sensibly constant during
like conditions. The difference between corresponding readings

I0 0~~~~~~~~~~~~~=

Eel

e~~~e-eel
eMIN..

RIL V RRI RRI
X I XI

FIG. 7 FIG. 8 FIG. 9 FIG. 10 FIG. 11

of columns d and e gives the regulation pressures (column m)
and as indicated by (x) in Fig. 6. Column h gives the regulation
pressures by the direct method I and columns a, b, g and I
furnish data for calculating regulation by method II explained
above, these calculations being set down in column n and plotted
as (.) in Fig. 6.

It miight be of some interest to add other checks on the theory
of method I. Inspecting Fig. 7, which is the transformer dia-
gram for non-inductive load, it is evident that emin practically
equals X I in value. Turning to Table I of data, first line column
f, e,,in is found to be 4.27 volts. X I, when obtained from the
correct impedance triangle of method II, was found to be 4.25;
a very close agreement. Again, Figs. 7 to 11 are transformer
diagrams ranging from unity to zero power-factor. At unity
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power-factor e" lags behind E by a small angle a. With dimin-
ishing power-factor this angle, Fig. 8, is reduced with a cor-
responding reduction in the value of emin until some value of
power-factor as in Fig. 9 is reached, when both this angle and
emin have been reduced to zero and the regulation is represented
by the impedance volts. With a further reduction of power-
factor, Fig. 10, the angle together with emin again increases with
e" now leading until another maximum displacement is reached
at zero power-factor, Fig. 11, when emin is but little different
from the R I drop. This variation of emin is nicely indicated
by the data in column f of Table I. Where its value is about
zero the regulation volts should be practically the impedance
volts. That such is the case the values of regulation volts of
column h testify. Finally at unity power-factor the regulation
is practically the R I drop, and at zero power-factor it is as closely
the X I drop. From the data

R J2 = 89.5 watts

Hence 89.5 . 12.56 = 7.12, the R I drop; where

load current = 12.56

The table gives the regulation volts for unity power-factor the
value of 7.11, another agreement. Extending the curve of
Fig. 5 to zero power factor we find the regulation for this point
is about 4.35, which is also but little greater than the X I drop.

Check for Accurate Adjustment of emin. The consistency of
the curve by method I depends, of course, upon the accurate
adjustment of the pointer along the slide-wire S of transformer
C. This may be checked directly by repeating an adjustment,
as indeed it is desirable to do. A further check may be obtained
by the use of the equation

eim p = V/ (emin)2+(ereg)

That this equation is true may be readily seen by inspection
of Fig. 3. If the value of the above radical corresponds closely
to the value of the impedance pressure, the adjustment may be
said to have been correct. Column o of the Table represents the
values of this radical and the corresponding impedance pressures
in column g. The agreements here are seen to be rather good,
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excepting in the tenth line, where the solution of the radical,
gives 8.45 while the corresponding impedance pressure is but
8.3. The adjustment here then was hardly exact, with a cor-
responding inaccuracy in the value of the regulation. Examin-
ing the tenth point on the curve of Fig. 5. the inaccuracy is
evident. Yet even this error does not amount to much. In
other words, an extremely sensitive detector of emin is scarcely
necessary. In the test a well damped low-reading alternating-
current voltmeter was found to be good enough.

SOME FURTHER INVESTIGATIONS
In order to determine the source of the inaccuracy in the usual

calculated method for obtaining regulation, the line e.m.f.

TABLE II

a b c d e f

React-
Copper ance In-

Amp. Watts Volts Volts drops drop duced
No. load R J2 load imp. b . a \/d2--e2 e.m.f. Remarks

1 12.56 89.5 220 8.28 7.12 4.227 223.4
2 88.5 196 8.3 7.05 4.38 199.4
3 88.0 173.6 8.305 7.01 4.465 177 Load atunity
4 88.0 147.4 8.32 7.01 4.5 150.8 oower-factor
5 87.5 123.4 8.36 6.96 4.63 126.8
6 86.7 94.2 8.39 6.91 4.75 97.6
7 87.0 71.6 8.44 6.93 4.81 75.0
8 86.7 34.9 8.50 6.91 4.95 69.2
9 86.0 2.0 8.505 6.85 5.05 6.0

supplying the transformers under test was gradually reduced
all connections remaining precisely as before. The readings
taken are given in Table II. It is here seen that the J2 R (and
consequently the I R drop) steadily reduces in value from 89.5
to 86.0 watts. On the contrary the impedance pressure as
steadily rises in value from 8.28 to 8.5 volts. That is, as the
conditions of the common short-circuit test are approached the
copper loss and copper drop become less than under normal con-
ditions of voltage (i.e., normal flux density) while on the other
hand the impedance of the transformer is higher in spite of the
fact that the R I drop is less. The difference in the two im-
pedance triangles as found by the short-circuit test and the re-
sistance determination, and by method II is clearly seen in
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Fig. 12, which applies to transformer A of this paper. It is
observed that a difference of 20 per cent exists in the value of the
reactance drop by the two methods.
The above results are shown in the form of curves in Fig. 13

the abscissas being induced e.m.f.s in all cases. The R I and
X I curves were derived from data forming the R 12 and eimp
curves. If the slightly parabolic nature of the increase of the
copper watts with e.m.f. (i.e., flux density) is due to more than
mere chance, this increase may be reasonably supposed to be a
true eddy current loss in the copper windings, increasing as the
e.m.f. applied to the transformer increases. This additional
R f2 drop is, no doubt, what is vaguely referred to as " load
losses" which disappear as the flux density is reduced to the
conditions of the short-circuit test. On the other hand the in-
crease of the X I drop with a reduction of the flux density may
be due to a somewhat greater per-
meability of the magnetic circuit. B. DY RESISTANCE AND SHORT- __B

CIRCUIT TEST
That is, assuming the same leakage A
magnetomotive forces at low flux
densities as at high, the resulting 1 1 ::,¢'5
leakage flux will be somewhat greater
if the magnetic conductivity is better iRl='I 5

in one case than another. And at
lower flux densities a greater perme- FIG. 12

ability is expected. This, of course, assumes that a part, at
least, of the leakage path is through the iron.

CONCLUSIONS
It is evident from the foregoing that it is possible to use an

accurate direct method for obtaining transformer regulation,
the value being read off by a low-reading voltmeter following a
simple adjustment. Only commercial instruments and appar-
atus are needed for the test. It is also evident that accurate
data for the calculated method is readily obtainable. Both of
these methods are presented with but one object in view, that of
commercial utility.
Method I is intended to take the place of the ordinary direct

method of reading no-load and full-load pressures. Method II
is intended to substitute for the calculated methods now in use.
The writer hardly thinks it sufficient to consider the older
methods as amply accurate, especially when referring to cal-
culated ones, for though a nice smooth curve may be obtained
(because it is a calculated method), the truth is probably more
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nearly told by the simple expedient of reading no-load and full-
load pressures.

Either of the above methods should be available for the
average central station and on the test floor of a transformer
manufacturing company where like transformers are usually at
hand.

APPENDIX
In considering the theory of method II it was assumed that the

detail of calculating regulation is generally understood. But
to insure this point, a brief outline is here given. Either one of
two formulas may be used which lead to like results. These
are as follows:

I__ _ v_ S_ _ s~i1 9

6 60~~~~~~

XI~~~~~~~~~~~~~~~~
2 __ _ __ 20

._ __ ._ 10

0 20 40 60 80 100 120 140 160 180 200 220

FIG. 13

E (e"R I cos O+ X I sinO)2+ (X I cos 0-R I sin 0)2 (1)

E =/(e" cos 0+R 1)2+ (e" sin O+X I)2 (2)

Whereas, in the preceding text,
e" = the secondary terminal voltage = 100 per cent.
E = the impressed voltage (reduced to terms of secondary)

necessary to produce E" under load.
R I = equivalent resistance drop.
X I = equivalent reactance drop.

0 = angle corresponding to power factor cos 0 of circuit.

The difference E - "is the regulation volts sought. e" may be
assumed to be the voltage stamped on the name plate of the
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transformer; also 0 is assumed. R I and X I are obtained from
the solution of the data entering the impedance triangle.
Each of the above equations is based on correct theory. The

first supposes the several e.m.fs. of the transformer to be re-
solved into components parallel to and perpendicular to e";
the second supposes them to be resolved into components parallel
to and perpendicular to the current vector. In either case E is
the closing diagonal.
A sample set of calculations will make clear the use of the above

equations. Use will be made of the following data which refers
to transformer A of this paper:

eimp. = 8.29
RI2 89.5
I= 12.56
e= 220 (name plate)

Power factor = 0.6 = cos 0.
From which is derived the following:

R I = 89.5 *. 12.56 = 7.12
X I = /(8.29)2 - (7.12)2 = 4.25

E = V/ (220 + 0.6 X 7.12+ 0.8 X 4.25)2+ (O.6 X 4.25-0.8 X 7.12)2
= 227.68 (1)

E = V/(0.6X220+7.12) 2 + (0.8 X 220 + 4.25)2 227.68 (2)
Manifestly the accuracy of results depends on the accuracy of

the R I and X I values, that is upon obtaining the values for the
correct impedance triangle. The usual method of doing this
is to short circuit one of the transformer windings (ordinarily the
low tension) and impress a sufficient voltage on the other to
allow rated full load current to flow. This gives the impedance
drop and with a wattmeter inserted also the R 12 which divided
by the value of the current gives R I. Or instead of this latter,
resistance measurements of both primary and secondary may be
made, reduced to like terms, and added. This sum multiplied
by the value of the full load current gives the R I drop, and

X I = V/(Imp. volts)2 -(R I)2

It must be remembered that the data by this method is ob-
tained under conditions of low flux density and hence the dis-
crepancy when compared with method II presented in this
paper.


